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Abstract
Let G be a complex semisimple group and χ a character of a parabolic subgroup P ⊂ G such
that the associated line bundle on G/P is ample. For a general stable G-bundle EG over a compact
Riemann surface of genus at least two, the line bundle L over EG/P defined by χ has the property
that the restriction of L to any closed subvariety of EG/P of smaller dimension is ample, although
L is not ample.
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1. Introduction
Let EG be a principal G-bundle, where G is a complex semisimple group, over a
compact connected hyperbolic Riemann surface X. For any closed complex subgroup
P ⊂G, the projection EG→EG/P defines a principal P -bundle. So, for any character χ
of P we have an associated line bundle Lχ over EG/P . If P is a parabolic subgroup
then EG/P is a complete variety. We investigate positivity properties of Lχ under the
assumption that EG is stable and P a parabolic subgroup.
A theorem of A. Ramanathan asserts that any stable G-bundle arises from an irreducible
homomorphism of π1(X) to a maximal compact subgroup of G, and all G-bundles
constructed from such homomorphisms are stable. In other words, a stable G-bundle EG
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this connection, the line bundle Lχ over EG/P , where P is a parabolic subgroup of G,
gets a Hermitian connection.
In Lemma 2.1 we prove the following:
The Chern form of the connection on Lχ is nonnegative, but c1(Lχ )d0 = 0 with
d0 = dimEG/P . If Z is a closed reduced irreducible subvariety of EG/P with the property
that the evaluation 〈c1(L)dimZ, [Z]〉 of c1(Lχ )dimZ ∈ H 2 dimZ(EG/P,Q) on the cycle
class [Z] vanishes, then the connection on EG/P (defined by the canonical connection
on EG) induces a connection on Z, or in other words, Z is left invariant by the induced
connection on EG/P .
Using this lemma, in Theorem 2.2 we prove that if EG is sufficiently general, then
the restriction of Lχ to any Zariski closed proper subvariety of EG/P is ample. (Proper
subvariety means not equal to EG/P .)
This generalizes the construction in Example 2 (p. 326) of [2] (which is due to
D. Mumford). This example is obtained by setting G= SL(2,C) in Theorem 2.2.
2. The first Chern form
Let X be a compact connected Riemann surface of genus at least two. Let G be a
complex semisimple linear algebraic group. The Lie algebra of G will be denoted by g.
We will recall the definition of stability of a principal G-bundle over X (see [3] for the
details).
A holomorphic principal G-bundle EG over X is called stable if for any maximal
parabolic subgroup P ⊂ G and any reduction σ :X→ EG/P of structure group of EG
to P the inequality
degree(σ ∗Trel) > 0
is valid, where Trel is the relative tangent bundle for the projection EG/P →X. (See [3,
Lemma 2.1] for an alternative definition of stability using characters.)
Let K(G) ⊂ G be a maximal compact subgroup. A subgroup Γ ⊂ K(G) is called
irreducible if no nonzero vector in the Lie algebra g of G is left invariant by the adjoint
action of Γ on g. Given a homomorphism ρ of the fundamental group π1(X,x0) to G
we have an associated flat G-bundle E(ρ) over X. If the image of ρ is an irreducible
subgroup of K(G) then E(ρ) is stable, and furthermore all stable G-bundles arise this way
[3, Theorem 7.1]. Such a homomorphism ρ with ρ(π1(X,x0)) an irreducible subgroup
of K(G) is called irreducible. Two G-bundles E(ρ1) and E(ρ2), where both ρ1 and ρ2
are homomorphisms to K(G), are isomorphic if and only if there is g ∈ K(G) such that
g−1ρ1g = ρ2.
Therefore, a stable G-bundle EG admits a unique flat connection with monodromy
contained in a maximal compact subgroup of G. This connection on EG will be called
the unitary connection.
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(G× C)/P , where P acts through χ , is the associated line bundle over G/P . Note that
this defines an isomorphism of the character group of P with Pic(G/P).
We take a character χ of P such that the associated line bundle over G/P is ample. For
a G-bundle EG, let
L := (EG ×C)/P (2.1)
be the line bundle over EG/P defined by χ . The action of any p ∈ P sends any (z, λ) ∈
EG ×C to (zp,χ(p)−1λ). Note that the quotient map
EG→EG/P =:EG/P
defines a principal P -bundle over EG/P . The line bundle L is the one associated to this
P -bundle for the character χ .
Now assume that EG is stable. The unitary connection on EG induces a connection on
the associated fiber bundle EG/P = EG(G/P) = EG/P over X, associated to EG for the
left action of G on G/P . This connection on EG/P will be denoted by ∇ . Let
p :EG/P →X
be the projection. A reduced irreducible subvariety Z of EG/P will be called closed
under∇ if for any point z ∈ Z the image of the homomorphism Tp(z)X→ TzEG/P defined
by the connection ∇ (the horizontal lift) is contained in the tangent cone TzZ.
Lemma 2.1. For the stable G-bundle EG the line bundle L in (2.1) associated to an ample
line bundle over G/P is numerically effective and
c1(L)d0 = 0
where d0 = dimEG/P .
IfZ ⊂EG/P is a reduced, irreducible subvariety of dimension d with 〈c1(L)d , [Z]〉 = 0,
then Z is closed under the connection ∇ on EG/P .
Proof. Let ρ :π1(X,x0)→K(G) be an irreducible representation such that E(ρ)∼= EG.
Fix an isomorphism of EG with the G-bundle E(ρ). Henceforth, EG will be identified
with E(ρ). Let EK(G) be the flat principal K(G)-bundle over X defined by ρ (recall that
the image of ρ is contained in K(G)). Therefore, the G-bundle obtained by extending the
structure group of EK(G) using the inclusion of K(G) in G is identified with EG.
Set K(P) :=K(G)∩ P , which is a closed subgroup of K(G). The inclusion of K(G)
in G defines an isomorphism of K(G)/K(P) with G/P . So,
EG/P ∼=EK(G)/K(P)
and the line bundle L over EG/P is identified with the C∞ line bundle over EK(G)/K(P)
associated to the principal K(P)-bundle EK(G)→EK(G)/K(P) for the character χ |K(P).
Since K(P) is compact, its action on C through χ |K(P) preserves a Hermitian structure
(constructed using the multiplication action of C∗ on C) on C. Fix a Hermitian structure
on C preserved by K(P). This K(P)-invariant Hermitian structure induces a Hermitian
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EK(G)/K(P) for the character χ |K(P)).
Let ∇L be the Chern connection on the holomorphic Hermitian line bundle L. Let
ω :=
√−1
2π
(∇L)2 ∈Ω1,1(EG/P )
be the Chern form for the connection ∇L. We will show that ω is a nonnegative form (i.e.,
ω(z)(v, v¯) 0 for all z ∈EG/P and all holomorphic tangent vector v ∈ TzEG/P ).
Take a point x ∈X and a connected contractible open subset U ⊂X with x ∈U . Using
the flat unitary connection on EG, the restriction EG|U gets identified with the principal
G-bundle q∗(EG|x), where q :U → x is the constant map and EG|x is the G-bundle over
the point x obtained by restricting EG. For notational simplicity, EG|x will be denoted
by ExG.
Using this isomorphism EG|U ∼= q∗ExG we have an isomorphism
EG/P ⊃ p−1(U)∼=U × (ExG/P), (2.2)
where p as before is the projection of EG/P to X. Furthermore, we have an isomorphism
L|p−1(U) ∼=ψ∗(L|ExG/P ) (2.3)
of holomorphic Hermitian line bundles, whereψ := q×Id is the projection ofU×(ExG/P)
to ExG/P . Note that the isomorphism in (2.2) takes the connection ∇ on EG/P to the trivial
connection on the trivial bundle U × (ExG/P) over U .
Since the isomorphism in (2.3) preserves both the holomorphic and the Hermitian
structures, we have
ι∗ω=ψ∗ω′ (2.4)
where ι :p−1(U) ↪→EG/P is the inclusion map and ψ is the above projection; the form ω′
is the restriction of ω to the fiber ExG/P over x .
The above identity (2.4) shows that the form ω(z) has a nontrivial annihilator at each
point z ∈ EG/P . (The annihilator is the subspace which is orthogonal to the entire vector
space.) Indeed, the horizontal tangent space T 1,0p(z)X ⊂ T 1,0z EG/P for the connection ∇
on EG/P is contained in the annihilator. Since ω has a nontrivial annihilator at each point,
it follows immediately that the form ωd0 vanishes identically, where d0 = dimEG/P . Since
ω represents the cohomology class
c1(L) ∈H 2(EG/P ,Q),
we have c1(L)d0 = 0, where d0 = dimEG/P .
Since the character χ of P is such that the corresponding line bundle over G/P is
ample, the line bundle L|ExG/P over ExG/P is ample. Since ω′ is the Chern form for the
Hermitian structure on L|ExG/P defined by a K(P) invariant metric on C (for the action
through the character χ |K(P)), it follows that the form ω′ on ExG/P is positive. Now the
identity (2.4) implies that ω is nonnegative. Consequently, L is numerically effective.
Since ω′ is a positive form on ExG/P , the annihilator of the form ω at each point of
EG/P is exactly one dimensional, and the annihilator is the horizontal subbundle of the
tangent bundle T 1,0EG/P for the connection ∇ .
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〈c1(L)d , [Z]〉 = 0. Since the cohomology class c1(L) ∈ H 2(EG/P ,Q) is represented by
the nonnegative form ω, the condition 〈c1(L)d , [Z]〉 = 0 immediately implies that for any
smooth point z ∈ Z, the evaluation of the form ωd(z) on the line ∧d T 1,0z Z ⊗∧d T 0,1z Z
vanishes identically.
For any point y ∈ EG, the annihilator of the nonnegative form ω is the horizontal
subspace for the connection ∇ on EG/P . Therefore, as ωd(z) vanishes on ∧d T 1,0z Z ⊗∧d
T
0,1
z Z, it follows immediately that T 1,0z Z ⊂ T 1,0z EG/P contains the image of the
line T 1,0p(z)X (which is the horizontal space for the connection ∇). Indeed, otherwise the
projection of T 1,0z Z to the vertical (= relative) tangent space would be injective, and the
form ω is positive on the vertical tangent space. Therefore, T 1,0z Z contains the horizontal
subspace of T 1,0z EG/P for ∇ . This completes the proof of the lemma. ✷
Since genus(X)  2, the fundamental group π1(X,x0) has the free group of two
generators as its quotient. Therefore, for a dense subset (for the compact-open topology)
N in the space of equivalence classes of representations Hom(π1(X,x0),K(G))/K(G)
the following holds: for any ρ ∈ N , the image ρ(π1(X,x0)) is dense in K(G) (in the
Euclidean topology). In fact N can be taken to be a intersection of countably many dense
open subsets.
Since the left action of K(G) on G/P is transitive, for any ρ ∈ N the action of
ρ(π1(X,x0)) on G/P does not leave invariant any nonempty proper subvariety of G/P .
Indeed, any orbit for the action of ρ(π1(X,x0)) onG/P is dense in the Euclidean topology.
Theorem 2.2. Let ρ ∈ Hom(π1(X,x0),K(G)) be an irreducible representation with
EG = E(ρ) the stable principal G-bundle over X defined by it and P ⊂ G a parabolic
subgroup. Assume that the action of ρ(π1(X,x0)) on G/P does not leave invariant any
nonempty proper closed subvariety ofG/P . Let L be the line bundle over EG/P associated
to an ample line bundle overG/P . The line bundleL is numerically effective but not ample.
On the other hand, for any proper closed subvariety Z ⊂ EG/P , the restriction of L to Z
is ample.
Proof. Since c1(L)d0 = 0 (see Lemma 2.1), the line bundle L is not ample. We saw in the
proof of Lemma 2.1 that c1(L) is represented by a nonnegative form. This implies that L
is numerically effective. We need to show that the restriction of L to any proper closed
subvariety of EG/P is ample. Using the Nakai–Moishezon criterion for ampleness (see [1,
p. 434, Theorem 5.1]) it suffices to show that for any reduced irreducible closed proper
subvariety Z ⊂EG/P , the cap product 〈c1(L)dimZ, [Z]〉 = 0.
Let Z be such a subvariety with 〈c1(L)dimZ, [Z]〉 = 0. Since the restriction of L to any
fiber of the projection p to X is ample, the restriction of the projection p to Z is a dominant
map to X.
Consider the subvariety
Zx0 :=EG/P |x0 ∩Z
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monodromy of the flat connection ∇ on EG/P (which is induced by the unitary connection
on EG) defines a homomorphism
τ :π1(X,x0)→Aut(EG/P |x0) (2.5)
to the automorphism group of the complete variety EG/P |x0 ∼=G/P .
From Lemma 2.1 it follows immediately that Zx0 is left invariant by the action of
π1(X,x0) (defined using τ in (2.5)) on EG/P |x0 . This implies that Zx0 = EG/P |x0 , as
otherwise the assumption that ρ does not leave any proper closed subvariety of G/P
invariant would be contradicted. Note that the action on EG/P |x0 defined by τ coincides
with the action on G/P defined by ρ (by the identification of EG/P |x0 with G/P ). On
the other hand, Z is a proper closed subvariety of EG/P . Therefore, we conclude that
〈c1(L)dimZ, [Z]〉 = 0. This completes the proof of the theorem. ✷
For any EG and L as in Theorem 2.2, H 0(EG/P ,L⊗k) = 0 for all k  1. Indeed,
if D ⊂ EG/P is a divisor for L⊗k , then Theorem 2.2 says that the restriction of L⊗k
to D is ample. This contradicts the fact that c1(L⊗k)d0 = 0, as 〈c1(L⊗k)d0, [EG/P ]〉 =
〈c1(L⊗k)d0−1, [D]〉.
Let EG be a stable G-bundle over X corresponding to an irreducible representation
ρ :π1(X,x0)→K(G). Let
H := ρ(π1(X,x0)) (2.6)
be the Zariski closure in G. Note that H is a reductive subgroup. Indeed, it is the
complexification of the (Euclidean) topological closure of ρ(π1(X,x0)) in K(G). Now,
consider the line bundle L on EG/P as in Lemma 2.1. We saw in the proof of Lemma 2.1
that L is numerically effective. Suppose that Z ⊂ EG/P is a Zariski closed proper
subvariety with the property that the restriction of L to Z is not ample. Let Zx0 be the
intersection of Z with the fiber over x0 (as in the proof of Theorem 2.2). We saw in the
proof of Theorem 2.2 that
Zx0 ⊂EG/P |x0 ∼=G/P
is left invariant under the action of ρ(π1(X,x0)). Consequently, the left action of H
on G/P leaves Zx0 invariant, where H is defined in (2.6). Since Zx0 ⊂G/P is a proper
subvariety, we conclude that H is a proper subgroup of G.
Therefore, we have proved the following proposition:
Proposition 2.3. Let EG be a stable G-bundle such that it does not admit a reduction
of structure group to any proper reductive subgroup of G. The line bundle L on EG/P
is numerically effective but not ample. For any proper closed subvariety Z ⊂ EG/P , the
restriction of L to Z is ample.
The dimension of a moduli space of stable principal H ′-bundles over X, where H ′ is
any complex reductive group, is (genus(X)− 1)dimH ′ + dimZ(H ′), where Z(H ′) is the
center of H ′. Therefore, the general stableG-bundle does not admit a reduction of structure
group to any proper reductive subgroup of G.
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defined in (2.6). Let P ′ ⊂ H be a parabolic subgroup. From the definition of H and
Theorem 2.2 it follows that any line bundle L′ over EH/P ′ , associated to a character of P ′
trivial on the center of H and defining an ample line bundle over H/P ′, has the property
that the restriction of L′ to any proper closed subvariety of EH/P ′ is ample. Although L′
over EH/P ′ is only numerically effective and not ample.
If G = SL(2,C) or G = PSL(2,C), using Proposition 2.3 it follows immediately that
for a stable G-bundle EG over X, the line bundle L on EG/P , associated to a character
that defines an ample line bundle over G/P =CP1, has the property that there is a proper
closed subvariety Z ⊂ EG/P such that the restriction of L to Z is not ample if and only
if there is a finite étale Galois cover X˜→X such that the pull back of EG to X˜ admits a
reduction of structure group to a maximal torus of G.
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